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Magnetic Fields in the Universe
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Field's Environment

Magnetically dominated:
magnetic pressure >> thermal pressure

B2/(2,u0) > nkgT

nkBT

P2 <1 Solar corona: (3 ~ 0.01

B = 2pg

Frozen-in magnetic flux:
magnetic resistivity small: tdissipation > Tdynamical

» Magnetic field is frozen-in to the fluid.
Fluid Motions

/'\ Batchelor (1950)
O DOI: 10.1098/rspa.1950.0069
Cl
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Magnetic Field Topology

Measure for the topology:
1%
VxA=B ¢ = / B .-dS

’2

n = number of mutual linking Moffatt (1969)
DOI: 10.1017/S0022112069000991

Conservation of magnetic helicity:
0
lim —(A-B) =0 171 = magnetic resistivity
n—0 Ot

Realizability condition:

Magnetic energy is bound from

[j En(k) = k|H(E ‘/QWﬂ » below by magnetic helicity.
Arnold (1974)




Relaxation of Magnetic Fields

Global magnetic helicity conservation

:> final state is linearly force-free: V x B = aB

Woltjer (1958)
DOI: 10.1073/pnas.44.9.833

0.19401
0.14550

— 0.09700

Candelaresi (2011) Del Sordo (2010)
DOI: 10.1103/PhysRevE.84.016406 DOI: 10.1103/PhysRevE.81.036401



Taylor Relaxation

Field line magnetic helicity conservation

:> final state is non-linear force-free:  V x B = A(a,0)B

Taylor (1974)
DOI: 10.1103/PhysRevLett.33.1139

Does the system always reach this state?

Yeates (2010)
DOI: 10.1103/PhysRevLett. 105.085002

Not necessarily. Additional topological
degree must be conserved.
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Parker Conjecture

Line-tied magnetic field bound within two plates.

Parker (1972)
DOI: 10.1086/151512

Hydrostatic equilibrium only if field
variation is uniform along the field.

If equilibrium is not reached field lines merge and
magnetic energy is dissipated (topological dissipation).

G & ¢

For complex topologies formation of
singular current sheets.




Force-Free Magnetic Fields

Solar corona: low plasma beta and magnetic resistivity

:> Force-free magnetic fields

:> Minimum energy state

(VxB)xB=0 < VxB=aB
B-Va=0 Beltrami field

Problem:

Find a force-free state for a magnetic
field with given topology.

Current sheets? NASA

Here:
Numerical method for finding such states.



ldeal Field Relaxation

|ldeal induction eq.: %_]tg —V X (u x B) —0

» Frozen in magnetic field.
(Batchelor, 1950)

. But: Numerical diffusion in finite difference Eulerian codes.

ﬁ . Lagrangian description of moving fluid particles:
x(X,0) =X x(X, t)

\
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|deal Field Relaxation

o0x;
Field evolution: B;(X,1 B;(X
ield evolution (X, t) = A e (X, 0)
A = det (
Preserves topology and divergence-freeness.
Grid evolution: 0% ((‘9}5 t) u (x(X,1),t)

Magneto-frictional term: u =~J X B J=VxB

(Craig and Sneyd 1986)
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Numerical Curl Operator

Compute J =V x B on adistorted grid:

0B; _ _ _
J
Bi) _ BZ(O) (Craig and Sneyd 1986)

. Multiplication of several terms leads to high numerical errors.

. Current not divergence free: V - J # 0

. Only reaching a certain force-freeness. (Pontin et al. 2009)
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Mimetic Numerical Operators

J nAU
I:/J-ndS:j{B-dr

U C

Discretized:

4
I~J(Xyr) nA=> B,-dx,

r=1

J(XU) ~ J(Xijk)a XU c U

3 planes will give 3 |.i. normal vectors:

4 :
I" = J(Xgp) -nP = > BP-dx, /AP
r=1 VM X VM¢ = (

Inversion yields Jwith V - J = 0. Vs - Vv X A =0
(Hyman, Shashkov 1997)
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Simulations

 GPU code GLEMuR (Gpu-
based Lagrangian mimEtic
Magnetic Relaxation)

* [ine tied boundaries

* mimetic vs. classic

(Candelaresi et al. 2014)
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Quality Parameters

Deviation from the expected relaxed state:

Z zgk XrelaX(Xijk))2

zgk

OB = Z Xiik) — Brelax(Xijk))?

zgk

Free magnetic energy:

bk
Efree En — EM g

EM — / B2/2 dV Bbkg — BOéz
%4
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Quality Parameters

For a force-free field: V x B = aB
B - Va=0

) Force-free parameter does not change along field lines.

J
:> Measure the change of o™ = along field lines:

B2

(a o (X;) — a*(X;)
C X = X

€" = max
i,]

>7 XianESa

Particular field line: s, =1{(0,0,7):Z € |—L,/2,L,/2|}
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Magnetic streamlines:

t = 430

Field Relaxation

Grid distortion at mid-plane:

Ly P PP bty
T T iy P ey VT
P Tty P T
HHHHH\ \\\\\\\\\\\\\\\\\\\\\\
\\\\\\\\\\\\\\\\\\
|
o
= :
o : \ EE
% i s
' ]
f=) ¥ J 3 ]
fat / / //)j N
I ]
V\' 7, o
o pE
= x Sl
=
o T
o
L O N O O W O W o O L T T O L
O e e e e e e e |
H\J'\Jr\\_\it\ lllllllllll
\\\\\\\\\ L T A
llllllllllllllllllllll
\\\\\\\\ [ HEENEEEENENN
VATt
FREENnANR
4.0 3.0 3.0 4.0

17



Relaxation Quality

\\ mimetic
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» Closer to the analytical solution by 3 orders of magnitude.
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Relaxation Quality
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> Closer to force-free state by 5 orders of magnitude.
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For concave cells the method becomes unstable.
: results before crash better than classic

method.
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written in C++
running in GPUs

VTK data format

Code Detalls

// compute the norm of JxB/B**2

__global__ void JxB_B2(REAL *B, REAL *J, REAL *JxB B2, int dimX, int dimY, int dimz) {
int i = threadIdx.x + blockDim.x * blockIdx.x;
int j = threadIdx.y + blockDim.y * blockIdx.y;
int k = threadIdx.z + blockDim.z * blockIdx.z;
int p = threadIdx.x;
int q = threadIdx.y;
int r = threadIdx.z;
int 1;
REAL B2;

// shared memory for faster communication, the size is assigned dynamically
extern __shared__ REAL s[];

REAL *Bs = s; // magnetic field
REAL *Js = &s[3 * dimX * dimY * dimZ]; // electric current density
REAL *JxBs = &Js[3 * dimX * dimY * dimZ]; // IxB

// copy from global memory into shared memory
if ((i < dev p.nx) && (j < dev_p.ny) && (k < dev p.nz)) {

for (L =0; 1 < 3; 1++) {
Bs[l + p*3 + g*dimX*3 + r*dimX*dimY*3]
Js[1 + p*3 + g*dimX*3 + r*dimX*dimY*3]

J[1 + i*3 + j*dev p.nx*3 + k*dev p.nx*dev p.ny*3];

}
cross(&Js[0 + p*3 + g*dimX*3 + r*dimX*dimY*3],
&Bs[0 + p*3 + g*dimX*3 + r*dimX*dimY*3],
&JIJXxBs[O + p*3 + g*dimX*3 + r*dimX*dimY*3]);
B2 = dot(&Bs[0 + p*3 + g*dimX*3 + r*dimX*dimY*3], &Bs[0 + p*3 + g*dimX*3 + r*dimX*dimY*3]);

// return result into global memory
JxB B2[i + j*dev p.nx + k*dev p.nx*dev p.ny] = norm(&IxBs[0 + p*3 + g*dimX*3 + r*dimX*dimY*3])/B2;

periodic and line-tied boundaries

post processing routines in Python

6" order Runge-Kutta time stepping

B[l + (i+1)*3 + (j+1)*(dev p.nx+2)*3 + (k+1)*(dev p.nx+2)*(dev p.ny+2)*3];
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Similarities with the PencilCode

Fortran name lists Bash commands

time series.dat
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Post-Processing

streamlines field line mapping Poincaré maps

=2.

-4 -3 -2-10 1 2 3 4

line integration save and read as vtk file

s SO = gm.streamInit(tol = 0.01)

5.0
2.5

stream.vtk

100 sr = gm.readStream()

ﬁ -dl
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Current Structures

0.8

0.6

Braided fields:

N w >
T
I
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Conclusions

» Lagrangian numerical scheme for ideal evolution.

* Preserving field line topology.

* Mimetic methods more capable of producing force-free fields.
« GLEMuR code running on GPUs.

* No evidence for current sheets in sheared and braided setups

simon.candelaresi@gmail.com
www.maths.dundee.ac.uk/scandelaresi/

www.youtube.com/user/iomsn/videos
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